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On Hamiltonian-Minimal Lagrangian Tori
in CP 2
A.E. Mironov
1 Introdution
In this artile we obtain some equations for Hamiltonian-minimal Lagrangian
surfaes in CP 2 (Lemma 1) and give their partiular solutions in the ase of
tori.
An immersion ψ : Ω → CP 2 of a domain Ω ⊂ R2 is Lagrangian if
ψ∗(S) = 0 where S is the FubiniStudy form of CP 2. An immersion is H-
minimal if the area variations along all Hamiltonian fields are zero. A field
W is Hamiltonian along ψ(Ω) if the 1-form S(W, .) is exat on ψ(Ω). Our
main result is the following
Theorem 1 The mapping ψ : R2 → CP 2 defined by the formula
ψ(x, y) = (F1(x)e
i(G1(x)+α1y) : F2(x)e
i(G2(x)+α2y) : F3(x)e
i(G3(x)+α3y)),
is a onformal Lagrangian H-minimal immersion of the plane. Here
Fi =
√
e2v(x) + αi+1αi+2
(αi − αi+1)(αi − αi+2) , Gi =
αi
2
x∫
x0
2c2 − ae2v(z)
αie2v(z) − c1 dz,
e2v(x) = a1
(
1− a1 − a2
a1
sn2
(
x
√
a1 + a3,
a1 − a2
a1 + a3
))
(1)
(the index i is onsidered modulo 3), a1 > a2 > 0, αi are reals satisfying
(15) and (16), the onstants c1, c2, a, and a3 are expressed in terms of ai
and αi by (10), (12), and (13), and sn is the Jaobi ellipti funtion.
If, in addition, α1, α2, α3 ∈ Z; λ1 = G1(T ) − G3(T ) + (α1 − α3)τ , λ2 =
G2(T )−G3(T )+(α2−α3)τ ∈ 2piQ, where T is the period of the funtion e2v(x)
(see (14)), and τ ∈ R; then ψ is a doubly periodi mapping with periods
e1 = (0, 1) and e2 = N(T, τ), where N is some natural number.
1
Observe that λ1 and λ2 depend on the free parameters a1, a2, and τ ;
therefore, λ1, λ2 ∈ 2piQ for a dense set of triples (a1, a2, τ) in some domain.
The notion of H-minimality was introdued in [1℄; in the same artile it
was proven that the Clifford tori in Cn are Lagrangian H-minimal. Other
examples of suh tori in C2 are onstruted in [2, 3℄. In [4℄ minimal Lagrangian
tori inCP 2 are onstruted whih are partiular ases of the tori of Theorem 1
for α1 + α2 + α3 = 0 and (a1 + a2)(c
2
1 + c
2
2)− a21a22 = 0.
The author is grateful to M. V. Neshhadim who brought system (3)(5)
to a luid form whih made it possible to derive from (3)(5) the Tzitzeia
equation for the metri of a minimal Lagrangian torus in CP 2.
2 Proof of Theorem 1
Let S5 be the unit sphere in C3 and let H : S5 → CP 2 be the Hopf bundle.
Denote by ω the sympleti form on C3:
ω = dx1 ∧ dy1 + dx2 ∧ dy2 + dx3 ∧ dy3,
where zj = xj + iyj are oordinates in C
3
, j = 1, 2, 3. Suppose that L is
a surfae in CP 2 and U is a suffiiently small neighborhood of a point p ∈ L.
Denote by U˜ some horizontal lift of U to S5.
A riterion for L to be Lagrangian is as follows (see [5℄): the surfae L
is Lagrangian if and only if the linear span of the radius vetor p˜ (p˜ is the
lift of p) and the tangent plane to U˜ at p˜ is a Lagrangian three-dimensional
subspae in C3 for all p ∈ L.
We also use the following riterion for H-minimality in terms of the La-
grangian angle: the surfae L is H-minimal if and only if the Lagrangian
angle is a harmoni funtion on L in the indued metri.
The Lagrangian angle is a funtion on L onstruted (loally) as follows:
Take an orientation on U˜ . Put
e−iβ = z1 ∧ z2 ∧ z3(ξ1, ξ2, p),
where ξ1 and ξ2 make an orthonormal tangent basis for U˜ agreeing with
orientation. The funtion β(p) is alled the Lagrangian angle. In general,
β(p) is a many-valued funtion on L. It may hange its values by 2pik, k ∈ Z,
in passing around a yle.
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We define the onformal Lagrangian immersion ψ of a domain Ω ⊂ R2
with oordinates x and y into CP 2 as the omposite of r : Ω → S5 and H.
Let e2v(x,y)(dx2 + dy2) be the indued metri on ψ(Ω). Note that, sine ψ is
onformal and Lagrangian, we have
〈r, rx〉 = 〈r, ry〉 = 〈rx, ry〉 = 0, |rx| = |ry| = ev,
where 〈., .〉 is the Hermitian produt. Consequently,
R =
 eiβr1 eiβr2 eiβr3e−vr1x e−vr2x e−vr3x
e−vr1y e
−vr2y e
−vr3y
 ∈ SU(3),
where r1, r2, and r3 are the omponents of r. Thus, for the matries A and
B,
A =
 iβx ev+iβ 0−ev−iβ −if − iβx ig − vy
0 ig + vy if
 ,
B =
 iβy 0 ev+iβ0 ig if + vx
−ev−iβ if − vx −ig − iβy
 ,
in the Lie algebra su(3), where
if = 〈∂x(e−vry), e−vry〉
and
ig = 〈∂y(e−vrx), e−vrx〉,
the following equalities hold:
Rx = AR, Ry = BR. (2)
The matries A and B satisfy the zero urvature equation
Ay −Bx + [A,B] = 0.
The nonzero omponents of this equation have the form
fy + 2fvy + gx + 2gvx + βxy = 0,
3
−e2v + 2f 2 + 2g2 + igy + ivyβy + g(2ivy + βy)− vyy − ifx − ivxβx
+f(−2ivx + βx)− vxx = 0,
e2v − 2f 2 − 2g2 + igy + ivyβy + g(2ivy − βy) + vyy − ifx − ivxβx
+f(−2ivx − βx) + vxx = 0.
Hene, we obtain
Lemma 1 The equations hold:
Uy + Vx + e
2vβxy = 0, (3)
Vy + vye
2vβy = Ux + vxe
2vβx, (4)
∆v + e2v − 2(U2 + V 2)e−4v − (βxU + βyV )e−2v = 0, (5)
where U = fe2v and V = ge2v.
Sine harmoni funtions remain harmoni under onformal hanges of
the metri and sine harmoni funtions on a torus are onstant, we may
assume that the Lagrangian angle for the tori has the form β = ax + by,
a, b ∈ R.
Below we onsider the ase in whih the funtions v, f , and g depend
only on x. Then from (3)(5) we obtain
g = c1e
−2v(x), f = c2e
−2v(x) − a
2
,
(v′)2 = −a
4
− (c21 + c22)e−4v + (ac2 − bc1)e−2v − e2v − c, (6)
where c, c1, and c2 are some onstants. We will seek r
i
in the form
ri = Ci(x)e
iαiy,
where Ci(x) is a omplex-valued funtion and αi ∈ R. From (2) we obtain
2(e4v(x)+c1αi)Ci(x)+iC
′
i(x)(2c2+ae
2v(x)+2ie2v(x)v′(x))+2e2vC ′′i (x) = 0, (7)
2i(c1 − e2v(x)αi)C ′(x) + αiC(x)((a + 2iv′(x))e2v(x) − 2c2) = 0, (8)
2(e2v(x)(e2v(x)− bαi−α2i )− c1αi)Ci(x) +C ′(x)((ia+2v′(x))e2v(x)− 2ic2) = 0.
(9)
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Note that if αi satisfies the equation
α3 + bα2 + cα+ c1 = 0
then (7) and (9) ensue from (8) and (6). Now, from the ondition R ∈ SU(3)
and (8) we find that
Ci(x) = Fi(x)e
iGi(x),
where
c1 = −α1α2α3, c = α1α2 + α1α3 + α2α3, b = −α1 − α2 − α3. (10)
It remains to find a solution to (6). Exeuting the hange of variables h = e2v,
we take equation (6) to the form
(h′)2 + 4(h− a1)(h− a2)(h+ a3)
= (h′)2 + 4h3 + (4c+ a2)h2 + 4(bc1 − ac2)h+ 4(c21 + c22) = 0, (11)
where
a3 =
c21 + c
2
2
a1a2
, a =
bc1 + a1a3 + a2a3 − a1a2
c2
, (12)
and c2 is a root of the equation
c42(a1 − a2)2 + 2c22(a31a22 + a21a32 + (a1a22 + a21a2)bc1 + (a21 + a22)c21 + 2a21a22c)
+((a1 + a2)c
2
1 − a21a22 + a1a2c1b)2 = 0. (13)
From the identity
(sn(x)′)2 = (1− sn2(x))(1− k2sn2(x))
(see [6℄) we infer easily that (11) has a solution of the form (1), with
sn(x, k) = sinϕ
and ϕ is the inverse funtion of
w(ϕ) =
ϕ∫
0
dt√
1− k2 sin2 t
, 0 < k < 1.
5
The funtion e2v(x) has the period
T =
2w(pi
2
)√
a1 + a3
. (14)
The hoie of the parameters ai and αi is restrited by the ondition c2 ∈ R:
P = a31a
2
2 + a
2
1a
3
2 + (a1a
2
2 + a
2
1a2)bc1 + (a
2
1 + a
2
2)c
2
1 + 2a
2
1a
2
2c ≤ 0, (15)
P 2 − (a1 − a2)2((a1 + a2)c21 − a21a22 + a1a2c1b)2 ≥ 0. (16)
Theorem 1 is proven.
Inequalities (15) and (16) are satisfied, for example, for a1 = 2, a2 = 1,
α1 = 0, α2 = −1, and α3 = 3.
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